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A formalism based on powerful concepts of the thermodynamics of irre®ersible pro-
cesses is deri®ed for calculating multicomponent diffusion flux both at the critical point
and away from the critical point. The deri®ations are based on the entropy balance
expression combined with the phenomenological equations and Onsager reciprocal rela-
tions. The formalism results in a clear expression of the thermal contribution in the
diffusion flux for nonideal multicomponent mixtures. The diffusion flux analysis at the
critical point showed that, unlike isothermal and isobaric conditions where molecular
diffusion flux is zero, molecular diffusion flux is finite and nonzero at the critical point.
The thermal contribution in the diffusion flux is also finite at the critical point in multi-
component mixtures. At nonisothermal conditions, as well as nonisothermal and non-
isobaric conditions, the composition gradient reaches infinity at the critical point; there-
fore, the mol fraction plot ®s. spatial coordinates has an inflection point.

Introduction
ŽMulticomponent diffusion molecular, pressure, and ther-

.mal is important in a variety of disciplines including
oceanography, geology, metallurgy, material science, geo-
physics, chemical engineering, and hydrocarbon reservoir en-

Žgineering Turner, 1973, 1974, 1985; Huppert and Turner,
.1981; Wilcox, 1993; Firoozabadi, 1999 . The ratio of molecu-

lar, pressure, and thermal diffusion to the total diffusion flux
depends on the nonideality of the fluid mixture. Our motiva-
tion for the study of the subject is to understand the irre-

Ž .versible phenomena in hydrocarbon reservoirs cavities . An
understanding of thermal, pressure, and molecular diffusion
is required to determine the distribution of various species of
a hydrocarbon fluid mixture in cavities with dimensions of
the order of hundreds of meters and more. The fluid mixture
contains a number of components, each having a significant
amount; it can be at the critical region in certain parts of a
large cavity.

There is a vast literature on the subject of multicomponent
Ž .more than two components molecular diffusion and pres-

Ž .sure diffusion sometimes referred to as gravitational effect .
ŽThe literature on thermal diffusion often referred to as the

.Soret effect is, however, mainly limited to two-component
mixtures. To the best of our knowledge, there are no re-

Correspondence concerning this article should be addressed to A. Firoozabadi.

Žported measured thermal diffusion factors which are a mea-
.sure of thermal diffusion for ternary or higher mixtures. This

may be due to the lack of proper formulation of thermal dif-
fusion flux in multicomponent mixtures.

It has been established that multicomponent molecular dif-
Žfusion flux is zero at the critical point throughout the study
.our focus is the gas]liquid critical point for both binary and

Žmulticomponent mixtures Haase, 1990; Taylor and Krishna,
1993; Cussler, 1976; Ackerson and Hanely, 1980; Myerson and

.Senol, 1984 . One purpose of this work is to establish the
formulation that allows the determination of molecular diffu-

Ž .sion flux at the critical point for 1 isothermal and noniso-
Ž . Ž .baric, 2 nonisothermal and isobaric, and 3 nonisothermal

and nonisobaric conditions. We are also interested in deter-
mining thermal diffusion flux at the critical point for multi-
component nonideal mixtures.

The behavior of the thermal diffusion coefficient for binary
mixtures in the critical region has been the subject of several

Žstudies in the three last decades Hohenberg and Halperin,
1977; Sengers and Levelt Sengers, 1986; Anisimov and Kise-
lev, 1992; Kiselev and Kulikov, 1994; Luettmer-Strathmann
and Sengers, 1994, 1996; Anisimov et al., 1995; Kiselev, 1997;
Cheng et al., 1997; Sakonidou et al., 1998; Kiselev and Hu-
ber, 1998; Giterman and Gorodetskii, 1970; Mistura, 1972,

.1975; Haase et al., 1994, 1971; Rutherford and Roof, 1959 .
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It has been shown using the mode]mode coupling analysis
Ž .Mistura, 1972, 1975 that thermal diffusion coefficients of a
binary mixture have a finite value at the critical point. It is of
interest to examine the finiteness of thermal diffusion at the
critical point for multicomponent mixtures. In this work we
show, by simple analysis of the diffusion flux for nonideal
binary mixtures, that the compositional gradient becomes in-
finity at the critical point. We extend our analysis to multi-
component nonideal mixtures and show, for the first time,
that the composition gradient of all the components undergo
an inflexion point.

The cross effects characterize molecular diffusion and to a
larger extent thermal diffusion in multicomponent mixtures.
When those effects are significant, concentration gradients
may change radically. To be specific, consider binary mix-

Ž . Ž . Ž .tures of methane C rethane C , methane C rpropane1 2 1
Ž . Ž . Ž .C , and methane C rn-butane nC , where experimental3 1 4

Žthermal diffusion data are available Sakonidou et al., 1998;
.Haase et al., 1971; Rutherford and Roof, 1959 . In all those

methane binaries of C rC , C rC , and C rnC , methane1 2 1 3 1 4
segregates to the hot side at isobaric conditions. On the other
hand, in a ternary mixture of C rC rnC , methane may seg-1 2 4

Ž .regate to the cold side Ghorayeb and Firoozabadi, 1999 .
The segregation of methane in binary mixtures to the hot
side and in a ternary mixture to the cold side implies that one
cannot use effective binary thermal diffusion factors to study
thermal diffusion in ternary and higher mixtures in a non-
isothermal process.

Cross-molecular diffusion coefficients have also been shown
to be important in some ternary and higher mixtures. Larre

Ž .et al. 1997 investigated the stability of a horizontal layer
heated from below filled with a water]isopropanol]ethanol
mixture. The authors neglected the cross-molecular diffusion
coefficients and assumed that the thermal diffusion factor of
a given component could be expressed as the sum of the
thermal diffusion factors of the binaries consisting of this
component and the two others, respectively. The model re-
sults do not, however, agree with the experimental data. A
similar conclusion has been reported by Krupiczka and

Ž .Rotkegel 1997 , who investigated mass transfer in ternary
mixtures of isopropanol]water]air and isopropanol]water]
helium. Many discrepancies between experimental data and
theoretical predictions were observed when cross-diffusion
terms were neglected.

The main goal of this work is to present a consistent and
clear formulation of diffusion flux expression for multicom-

Ž .ponent mixtures. We include diffusion processes due to 1
Ž . Ž .concentration, 2 pressure, and 3 temperature gradients for

complex near-critical mixtures. The derivations are based on
the concepts of irreversible thermodynamics. Parts of our
derivations are somewhat similar to those of de Groot and

Ž . Ž .Mazur 1984 and Haase 1990 . However, these authors have
not attempted to present a complete formulation of multi-
component diffusion. We will repeat some aspects of the work
of these authors for completeness in advancing concepts.

Phenomenological Equations
Ž .In a mixture consisting of n components nG2 , where

there is no heat generation, viscous dissipation, or chemical
™

reaction, and where the only external force F is gravity, the

Žentropy production strength s entropy production per unit
. Žtime and volume can be written as de Groot and Mazur,

.1984

n1 1 T m™ ™ ™ ™ ™k
s sy J ?=T y J ? = y F , 1Ž .Ýq k2 ž /T M TT kk s1

™
where J is the heat flux; T is the temperature; and M , m ,q k k™
J are the molecular weight, the chemical potential, and thek
molar diffusion flux relative to the molar average velocity of
component k, respectively. A different form of the entropy
production can be obtained by using

m m™ ™ ™k k
T = s=m y =T 2Ž .kT T

™
­m =T™ k

s= m y m yT , 3Ž .T k kž /­ T Tn , P

Ž .where n' n , n , . . . , n , . . . , n ; n is the number of1 2 k n k
moles of component k; and P is the pressure. The subscript
T implies that the gradient is calculated at constant tempera-
ture. One can readily show that

­mk
H sm yT , ks1, . . . , n. 4Ž .k k ­ T n , P

Here H is the partial molar enthalpy of component k.k
Equations 1, 3, and 4 imply that

n n1 H 1 m™ ™ ™ ™ ™ ™k k
s sy J y J ?=T y J ? = y F ,Ý Ýq k k T2 ž /ž /M T MT k kk s1 k s1

5Ž .
™n Ž .where Ý H rM J is the transfer of heat due to diffu-ks1 k k k

sion. By introducing a new heat-flux expression, defined as

n H™ ™ ™kXJ s J y J , 6Ž .Ýq q kMkk s1

™nand using Ý J s0, one can write the entropy productionks1 k
strength as a function of the diffusion flux of only ny1 com-
ponents. Equation 1 then reads

ny11 1 m m™ ™ ™ ™ k nXs sy J ?=T y J ?= y . 7Ž .Ýq k T2 ž /T M MT k nk s1

The phenomenological equations for heat flux and diffusion
Ž .flux are therefore de Groot and Mazur, 1984

™ ny1=T 1 m m™ ™ k nX X XJ s L y L = y , 8Ž .Ýq qq qk T2 ž /T M MT k nk s1

™ ny1=T 1 m m™ ™ k nXJ sy L y L = y , is1, . . . , ny1,Ýi iq ik T2 ž /T M MT k nk s1

9Ž .

respectively. In Eqs. 8 and 9, LX , L , LX , and L are theqq qk iq ik
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Ž .phenomenological coefficients see Onsager, 1931a, b . The
fact that the entropy production strength s isG 0 puts con-
ditions on the sign of some, and provides relations between
some other phenomenological coefficients. The main theme
of this study is the diffusion flux, and therefore we will focus

™
on J .i

Diffusion Flux Expression
ŽLet M, N, and x denote the total molecular weight Msj

.mrN, where m is the total mass , the total number of moles
Ž n . ŽNsÝ n , and the mol fraction of component j x sks1 k j

.n rN , respectively. The Gibbs-Duhem expression can bej
Ž .written as see Firoozabadi, 1999

ny11 1™ ™ ™
= m s =P y x = m , 10Ž .ÝT n j T jž /x cn js1

where c is the total molar density. Let x and x denotej

x ' x , . . . , x , x , . . . , xŽ .j 1 jy1 jq1 ny1

and

x' x , . . . , x ,Ž .1 ny1

™
respectively. Then = m can be written asT k

ny1 ­m ­m™ ™ ™k k
= m s =x q =P ks1, . . . , n. 11Ž .ÝT k j­ x ­ P x , Tjjs1 x , T , Pj

™ Ž .= m rM ym rM , which appears in Eq. 9, can be ex-T k k n n
Ž .pressed as using Eqs. 10 and 11

ny1 ny1x d ­mm m™ ™j jk jk n
= y s q =xÝ ÝT lž / ž /M M M x M ­ xk n n n j l x , T , Pjs1 l s1 l

ny1 x ­m 1 ­m 1 ™j j k
q q y =PÝ M x ­ P M ­ P cM xx , Tx , Tn n k n njs1

ks1, . . . , ny1, 12Ž .

where d denotes the Kronecker delta. By combining Eqs. 9jk
and 12, the diffusion flux expression takes the form

™
=T™ XJ sy Li iq 2T

ny1 ny1 ny1x d ­m1 ™j jk j
y L q =xÝ Ý Ýik lž /T M x M ­ xn n j l x , T , Pk s1 js1 l s1 l

ny1 ny1 x ­m1 1 ­m j jk
y L qÝ ÝikT M ­ P M x ­ P x , Tk n nk s1 js1x , T

1 ™
y =P iq1, . . . , ny1. 13Ž .

cM xn n

Ž . Ž . ŽTerms ­m r­ x and ­m r­ P can be written as seei j x , T , P i x , Tj j

.Firoozabadi, 1999

­m ­ ln fi i
s RT is1, . . . , n , js1, . . . , ny1

­ x ­ xx , T , Pjj j x , T , Pj

14Ž .

­m ­ Vi
s sV is1, . . . , n , 15Ž .i­ P ­ nx , T i n , T , Pi

where R, V, f , and V are the gas constant, the total volume,i i
the fugacity of component i, and the partial molar volume of

Ž .component i, respectively; n ' n , . . . , n , n , . . . , n .i 1 iy1 iq1 n
By using an equation of state V and f can be obtained.i i
Ž .Firoozabadi, 1999 . The new form of Eq. 13 after using Eqs.
14 and 15 is

™XM x M x LRL =T™ i i n n iqii
J syi 2½M x M x RL Ti i n n ii

ny1 ny1 ny1M x q M x d ­ ln fM x ™j j n n jk ji i
q L =xÝ Ý Ýik lL M ­ xii j l x , T , Pk s1 js1 l s1 l

ny1 ny1M x M x 1 ™i i n n
q L x V q V y =PÝ Ýik j j k 5RTL M cii kk s1 js1

is1, . . . , ny1. 16Ž .

Let

M Mi n
a s , is1, . . . , ny1, 17Ž .in 2M

M 2RLii
D s , is1, . . . , ny1, 18Ž .in 2 2cM M x xi n i n

M x M x LX
i i n n iq

k s s a x x , is1, . . . , ny1, 19Ž .T i T i niMRTLii

where k and a denote the thermal diffusion ratio andT i T i
the thermal diffusion factor of component i, respectively. An
important result of this work is the simple expression for
thermal diffusion factors of a multicomponent mixture given

Ž .by Eq. 19 that is, k s a x x . For a binary mixture, kT i T i i n T1
Ž . Ž .s a x 1y x . The expression k s a x 1y x , which isT1 1 1 T i T i i i

a generalization of binary to multicomponent mixtures, is in-
correct but has been used to represent the thermal diffusion

Žratio in multicomponent mixtures Kempers, 1989; Van
.Vaerenbergh and Legros, 1996 . For an ideal binary mixture,

the molecular diffusion coefficient reduces to a D ; the12 12
nonideality could, however, be incorporated into a D by12 12

Ž .multiplication with ­ ln f r­ ln x ; that is, the molecu-1 1 T , P
Ž .lar diffusion coefficient is equal to a D ­ ln f r­ ln x .12 12 1 1 T , P
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From Eqs. 16 to 19,

™
=T™

J syca D Mk qi in in T i½ T

ny1 ny1 ny1 M x q M x dM x ­ ln f ™j j n n jki i i
L =x qÝ Ý Ýik lL M ­ xii j l x , T , Pl s1 k s1 js1 l

ny1 ny1M x M x 1 ™i i n n
L x V q V y =PÝ Ýik j j k 5RTL M cii kk s1 js1

is1, . . . , ny1. 20Ž .

We define the following column vectors and matrices

™w xJ ' J ' J is1, . . . , ny1,i i

L' L ' L i , js1, . . . , ny1,i j i j

D' D ' a D d i , js1, . . . , ny1,i j in in i j

M xi i
M ' M ' d i , js1, . . . , ny1,i j i jLii

M x q M x dj j n n i j
W ' W ' i , js1, . . . , ny1,i j Mj

­ ln fi
F ' F ' i , js1, . . . , ny1,i j ­ x j x , T , Pj

™w x=x ' =x '=x is1, . . . , ny1,i i

kT iw xK ' K ' M is1, . . . , ny1,T T i T

ny11 M x 1n nw xV ' V ' x V q V y is1, . . . , ny1,Ýi j j iRT M cijs1

to write the expression for diffusion flux in the vector form

™ ™
Jsyc D ? M ? L ?W? F ?=xq D ? K =T q D ? M ? L ?V =P .Ž .T

21Ž .

Let

D Ms D ? M ? L ?W? F , 22Ž .

DTs D ? K , 23Ž .T

and

D Ps D ? M ? L ?V ; 24Ž .

then the expression for diffusion flux in a compact vector form
is

™ ™M T PJsyc D ?=xq D =T q D =P . 25Ž .Ž .

On the right side, the first, second, and third terms represent
molecular diffusion, thermal diffusion, and pressure diffu-
sion, respectively. The elements D M, DT, and D P are givenil i i
by

ny1 ny1 M x q M x d ­ ln fM x j j n n jk ji iMD s a D L ,Ý Ýil in in ikL M ­ xii j l x , T , Pk s1 js1 1

i , ls1, . . . , ny1, 26Ž .
kT iTD s a D M , is1, . . . , ny1. 27Ž .i in in T

ny1 ny1M x M x 1i i n nPD s a D L x V q V yÝ Ýi in in ik j j kRTL M cii kk s1 js1

is1, . . . , ny1. 28Ž .

The preceding equations reconfirm the well-known fact that
the diffusion flux of component i, is1, . . . , ny1, in a mix-
ture of n components is a function of the mol fraction gradi-
ents of ny1 components and of temperature and pressure
gradients as well. The molecular diffusion coefficients D M,il

Ž M .i, ls1, . . . , ny1 including D are functions of the phe-ii
nomenological coefficients L , ks1, . . . , ny1 and of theik

Ž .quantities ­ ln f r­ x , ls1, . . . , ny1, as well as thej l x , T , P
1

mol fractions. The molecular diffusion coefficient D M cannotii
be generally assumed to be the binary molecular diffusion
coefficient measured in binary mixtures of components i and
n. Likewise, the thermal diffusion ratio for component i, k ,T i
is not the same in binary and ternary mixtures, even at the
same pressure, temperature, and mol fraction of component
i.

From Eq. 22 one can deduce the relation between the phe-
nomenological coefficients and the molecular diffusion coef-
ficients, which reads

y1 y1MLs D ? M ? D ? W? F . 29Ž . Ž . Ž .

Ž .T T T Ž TUsing the relation A ? B s B ? A A is the transpose of
. ŽA and the fact that L is symmetric the Onsager reciprocal

. ŽŽ .Trelations and that D ? M is a diagonal matrix D ? M s D ?
.M; D and M are both diagonal matrices , one obtains the

following relationship between D M and D M T

T T y1M MD s W? F ? D ? W? F . 30Ž . Ž . Ž .

Ž .Equations 29 and 30 are valid provided det W? F /0, which
Ž . Ž . w Ž .implies that det W /0 and det F /0 det W? F sdet

Ž . Ž .xW ?det F . From Eqs. 29 and 30,

L ?W? F s Dy1? My1? D M 31Ž .

and

T TM MD ?W? F s W? F ? D , 32Ž . Ž .

respectively. One thus obtains the equations relating the phe-
nomenological coefficients to the molecular diffusion coeffi-
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Ž .cients from Eqs. 17, 18 and 31

ny1 ny1 M x q M x d ­ ln f cM xk k n n lk k n n ML s D ,Ý Ý l i i jM ­ x Rk jl s1 k s1 x , T , Pj

i , js1, . . . , ny1, 33Ž .

and those relating the diffusion coefficients to each other
Ž .from Eq. 32

ny1 ny1 M x q M x d ­ ln fk k n n lk k MD sÝ Ý l iM ­ xk jl s1 k s1 x , T , Pj

ny1 ny1 M x q M x d ­ ln fk k n n lk k MD ,Ý Ý l jM ­ xk i x , T , Pl s1 k s1 i

i , js1, . . . , ny1. 34Ž .

Ž .2The ny1 relations appearing in Eq. 34 are not all inde-
pendent. For is j the two sides of the equality are identical;
therefore, the number of independent relations reduces to
Ž .2 Ž .ny1 y ny1 . Furthermore, by replacing i with j and j
with i in Eq. 34, one obtains the same equations. Thus, the
number of independent equations relating the molecular dif-

wŽ .2 Ž .xfusion coefficients reduces to ny1 y ny1 r2, and then
the number of independent molecular diffusion coefficients

Ž .2 wŽ .2 Ž .x Ž .reduces to ny1 y ny1 y ny1 r2s n ny1 r2. Vari-
ous authors have established the preceding relations among
molecular diffusion coefficients.

ŽIn a binary mixtures, Eq. 25 reduces to after substitution
2 .a s M M rM , cs rrM12 1 2

M M ­ ln f x M™ ™ ™1 2 1 1 1
J sy rD =x q V y =P1 12 1 1ž /M ­ ln x RT r2 1 P , T

k ™T1
q =T , 35Ž .

T

where r is the total mass density. This equation appears in
Ž .Bird et al. 1960 . Now let us consider diffusion flux expres-

sion in a ternary mixture.

Diffusion in ternary mixtures
We focus now on a ternary mixture; multicomponent mix-

tures with more than three components are logical extensions
of a ternary mixture, differing primarily in algebraic complex-
ity. Let

M x q M x1 1 3 3
c s f q x f , 36Ž .1 12 2 22M1

M x q M x2 2 3 3
c s x f q f , 37Ž .2 1 12 22M2

M x q M x1 1 3 3
c s f q x f , 38Ž .3 11 3 21M1

M x q M x2 2 3 3
c s x f q f , 39Ž .4 1 11 21M2

Ž .where f ' ­ ln f r­ x . For ternary mixtures, Eqs.i j i j x , T , Pj
w26]28 then read L )0; this results from the fact that theii

Ž .xentropy production s G0; see de Groot and Mazur 1984

L12MD s a D M x c qc , 40Ž .11 13 13 1 1 3 4ž /L11

L12MD s a D M x c qc , 41Ž .12 13 13 1 1 1 2ž /L11

L21MD s a D M x c qc , 42Ž .21 23 23 2 2 4 3ž /L22

L21MD s a D M x c qc , 43Ž .22 23 23 2 2 2 1ž /L22

kT1TD s a D M , 44Ž .1 13 13 T

kT 2TD s a D M , 45Ž .2 23 23 T

M x M x q M x 11 1 1 1 3 3PD s a D V q x V y q1 13 13 1 2 2RT M c1

M x q M x 1 L2 2 3 3 12
V q x V y , 46Ž .2 1 1ž /M c L2 11

M x M x q M x 12 2 2 2 3 3PD s a D V q x V y q2 23 23 2 1 1RT M c2

M x q M x 1 L1 1 3 3 21
V q x V y . 47Ž .1 2 2ž /M c L1 22

Equations 33 and 34 imply

M x q M x M x q M x1 1 3 3 2 2 3 3
f q x f L q x f q f1 j 2 2 j 1 i 1 1 j 2 jž / ž /M M1 2

cM xn n
= L s D , i , js1, 2, 48Ž .2 i i jR

and

M x q M x M x q M x1 1 3 3 2 2 3 3Mf q x f D q x f q f1 j 2 2 j 1 i 1 1 j 2 jž / ž /M M1 2

M x q M x1 1 3 3M M= D s f q x f D2 i 1 j 2 2 i 1 jž /M1

M x q M x2 2 3 3 Mq x f q f D , i , js1,2, 49Ž .1 1i 2 i 2 jž /M2

respectively. From Eq. 48,

cM x3 3 Mc L qc L s D , 50Ž .3 11 4 21 11R

cM x3 3 Mc L qc L s D , 51Ž .1 11 2 21 12R
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cM x3 3 Mc L qc L s D , 52Ž .3 12 4 22 21R

cM x3 3 Mc L qc L s D . 53Ž .1 12 2 22 22R

Ž . Ž .Provided that det W /0 and det F /0, one obtains

cM x3 3 M ML s c D yc D , 54Ž .Ž .11 2 11 4 12R c c yc cŽ .2 3 1 4

ycM x3 3 M ML s c D yc D , 55Ž .Ž .21 1 11 3 12R c c yc cŽ .2 3 1 4

cM x3 3 M ML s c D yc D , 56Ž .Ž .12 2 21 4 22R c c yc cŽ .2 3 1 4

ycM x3 3 M ML s c D yc D , 57Ž .Ž .22 1 21 3 22R c c yc cŽ .2 3 1 4

w Ž . Ž .xc c yc c sdet W det F . For is j the two members of2 3 1 4
Eq. 49 are identical. Furthermore, by replacing i by j and j
by i in Eq. 49, one obtains two identical equations. Equation
49 thus reads

c D Mqc D Msc D M qc D M . 58Ž .1 11 2 21 3 12 4 22

Similar relations between the molecular diffusion coefficients
Ž .have been reported by de Groot and Mazur 1984 and Haase

Ž .1990 . Equations 55, 56 and 58 are not independent. By
Žcombining Eqs. 55 and 58, one obtains Eq. 56 that is, L s12

.L .21

Critical Point
Some hydrocarbon reservoirs contain near-critical fluid

mixtures. Therefore, multicomponent diffusion and species
spatial distribution at the critical point are of special interest.
Let us start by presenting the problem in the general case of
n components. Then, we discuss in more detail the case of

Ž . Žbinary mixtures. At the critical point det F s0 Firoo-
.zabadi, 1999; Taylor and Krishna, 1993 , which implies

det D M s0. 59Ž . Ž .

Equation 59 provides the well-known result that at the criti-
cal point of a binary mixture, the molecular diffusion coeffi-
cient D M vanishes, and in a multicomponent mixture, the11
diffusion coefficient determinant vanishes at the critical point.
From Eq. 59

rank D M F ny2. 60Ž . Ž .

ŽLet us discuss the case of equality in Eq. 60 the same rea-
.soning applies in the general case : at isothermal and isobaric

conditions, one has only ny2 independent diffusion fluxes:
™ ™ ™
J , is1, . . . , ny2; J and J are linear combinations ofi ny1 n
the ny2 remaining independent diffusion fluxes. This im-
plies that there exist constants a , . . . , a such that1 ny2

ny2
M MD s a D , is1, . . . , ny1. 61Ž .ÝŽny1. i j ji

js1

Therefore, at isothermal and isobaric conditions

ny1
™ ™MJ s D =xÝny1 Žny1. i i

is1

ny1 ny2
™Ms a D =xÝ Ý j ji i

is1 js1

ny2
™

s a J . 62Ž .Ý j j
js1

Ž M M . ŽLet D s D , . . . , D , is1, . . . , ny2, and As a ,i i1 iŽny2. 1
.. . . , a . Equation 61 readsny2

D M s A ? D is1, . . . , ny1. 63Ž .Žny1. i i

Ž M M . M w M xLet D s D , . . . , D , and D s D , i, jny1 Žny1.1 Žny1.Žny2. 1 i j
Ž M . Ž M .s1, . . . , ny2, then det D / 0 since rank D s ny2.1 1

One thus obtains

y1MAs D ? D , 64Ž .Ž .1 ny1

which allows the determination of A knowing the molecular
diffusion coefficients. For is ny1, Eq. 63 reads

D M s A ? D 65Ž .Žny1.Žny1. ny1

Equations 64 and 65 imply that

y1M MD s D ? D ? D 66Ž .Ž .Žny1.Žny1. 1 ny1 ny1

at the critical point; in addition to the results from the recip-
rocal relations in Eq. 34, there exists one more relationship
between the diffusion coefficients. This means that for a
ternary mixture, for example, two molecular diffusion coeffi-
cients, say the mutual diffusion coefficients, describe molecu-

Ž M M M M .lar diffusion flux. For ternary mixtures, D D y D D21 22 12 21
vanishes at the critical point. Experimental support can be

Ž .drawn from the work of Vitagliano et al. 1978 for
water]chloroform]acetic acid ternary mixture. Analysis of
diffusion in ternary mixtures at the critical point has been

Ž .made by Taylor and Krishna 1993 . The authors show that
the criticality condition establishes a relation between the
molecular diffusion coefficients. The combination of the criti-
cality and the Onsager reciprocal relation implies that, for a
ternary mixture at the critical point, only two diffusion coeffi-
cients are independent.

If we consider a multicomponent mixture at isothermal
conditions and neglect the pressure gradient, at the steady
state one obtains D M?=xs0, which implies =xs0 unless

Ž M .det D s0. This means that at isothermal and isobaric
conditions at the critical point, the steady state may be
reached with compositional gradients in the system. How-
ever, away from the critical point the mixture is, in principle,
homogeneous. At isothermal and nonisobaric conditions at
steady state, Eq. 25 reduces to

™M PD ?=xq D =P s0. 67Ž .
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The solution of this equation can be written as

det BŽ .™ ™ i
=x sy=P , 68Ž .i Mdet DŽ .

where B , is1, . . . , ny1 is the matrix D M with column ii ™P Preplaced by column vector D . D =P is, in principle, differ-
Ž .ent from zero at the critical point; so is det B . From Eqs.i

59 and 68, one may deduce that =x reaches infinity at the
critical point. The mol fraction plot vs. the vertical coordi-
nate for each component has an inflection point at critical

™ ™
conditions. The same reasoning applies when =P and =T are
both different from zero. This is discussed in more detail for
binary mixtures in the following subsection.

Binary mixtures
Ž .At the critical point of a binary mixture ­ ln f r­ ln x1 1 T , P

s0. The coefficient D has generally a finite value at the12
Ž .critical point Myerson and Senol, 1984 . The molecular dif-

M Ž .fusion coefficient D s a D ­ ln f r­ ln x thus van-11 12 12 1 1 T , P
ishes at the critical point, which has been established by vari-
ous authors; it decreases asymptotically when one ap-

Žproaches the critical state see, for example, Haase, 1990;
Taylor and Krishna, 1993; Ackerson and Hanley, 1980; Kise-
lev and Kulikov, 1994; Luettmer-Strathmann and Sengers,

.1996; Cheng et al., 1997; Sakonidou et al., 1998 . With regard
to the thermal diffusion coefficient, it is well established, us-
ing the mode]mode coupling theory that this coefficient has

Ža finite value at the critical point Mistura, 1972, 1975; Anisi-
.mov et al., 1995 . In the following, we discuss the behavior of

Ž .diffusion in a binary mixture at the critical point for 1
Ž .isothermal and nonisobaric, and 2 nonisothermal and iso-

baric conditions.
For a binary mixture at isothermal and isobaric conditions,

Eq. 35 at the steady state reduces to

­ ln f ™1
=x s0, 69Ž .1­ ln x1 P , T

™
which is valid for any value of the composition gradient =x .1

Let us now consider a binary mixture at isothermal and
nonisobaric conditions. It should be mentioned that the con-
tribution of the pressure gradient in the diffusion flux has
often been neglected in the studies treating diffusion in mul-
ticomponent systems. At steady state, Eq. 35 reduces to

­ ln f x M™ ™1 1 1
=x q V y =P s0. 70Ž .1 1ž /­ ln x RT r1 P , T

™ Ž . Ž .Since =P /0 say from gravity , and since V y M rr has1 1
Žgenerally a finite value different from zero, ­ ln f r1™.­ ln x =x must have a finite value. The fact that1 T , P 1

Ž .­ ln f r­ ln x vanishes at the critical point, implies that1 1 T , P™
=x should be infinity at this point. Figure 1 sketches the1
compositional variation in the critical region in a one-dimen-
sional vertical medium with a critical point at height z0. Al-

™Ž .though ­ ln f r­ ln x ™0 and =x ™` when one ap-1 1 T , P 1
proaches the critical point, their product has a finite value.

Figure 1. Composition/////height plot for a binary mixture
in an isothermal nonisobaric process in the
critical region.

The same reasoning can be applied at nonisothermal and
isobaric conditions. In that case, at the steady state Eq. 35
reduces to

­ ln f k™ ™1 T 1
=x q =T s0. 71Ž .1­ ln x T1 P , T

Ž .The product ­ ln f r­ ln x =x can be finite and nonzero1 1 T , P 1
Ž .at the critical point where ­ ln f r­ ln x s0; this may1 1 T , P™

occur when =x ™`. Therefore, at the critical point for a fi-1
nite temperature gradient, k may also have a finite value.T1
Note that our analysis is provided based on very simple terms.
Next, we discuss in more detail the finiteness of the thermal
diffusion ratio k in view of some results presented in theT1

Žliterature Hohenberg and Halperin, 1977; Sengers and Lev-
elt Sengers, 1986; Anisimov and Kiselev, 1992; Kiselev and
Kulikov, 1994; Luettmer-Strathmann and Sengers, 1994, 1996;
Anisimov et al., 1995; Kiselev, 1997; Cheng et al., 1997;
Sakonidou et al., 1998; Kiselev and Huber, 1998; Giterman
and Gorodetskii, 1970; Mistura, 1972, 1975; Haase et al., 1994,

.1971; Rutherford and Roof, 1959 .
Away from the critical point, the transport properties of a

mixture vary generally slowly with temperature and composi-
tion. However, when the critical point is approached, some
transport properties exhibit singular behavior. The diffusion
flux for a binary mixture can be written as

™ ™ ™
J s a=my b =T , 72Ž .1

where msm rM ym rM . Equation 72 can be readily ob-1 1 2 2
Ž . Xtained from Eq. 9 for ns2 by replacing L and L by11 1q

2 Ž Ž . .yTa and T b y a ­mr­ T , respectively. In the criti-x , P1

cal region, coefficients a and b can be separated into back-
Žground values and critical enhancements Mistura, 1972,

.1975

k Tr ­ xB 1
a s a qda s a q , 73Ž .b b ž /6phj ­m˜ P , T

k Tr ­ xB 1
b s b qdb s b q , 74Ž .b b ž /6phj ­ T˜ P , m
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where k , j , and h are the Boltzmann constant, the correla-˜B
Žtion length divergent at the critical point Anisimov et al.,

.1995 , and the shear viscosity, respectively. The subscript b
denotes the part of the transport coefficient that is not af-

Ž .fected by criticality the so-called background value ; da and
db are the critical enhancements of a and b , respectively.
Away from the critical point, the transport coefficients are
described by their background values. The behavior of the
transport properties in the region close to the critical point
has been investigated by extending the concept of the critical

Ž .point universality Anisimov et al., 1995 to binary mixtures
Ž . Žgeneralized isomorphism approach Hohenberg and
Halperin, 1977; Anisimov and Kiselev, 1992; Kiselev and Ku-
likov, 1994; Anisimov et al., 1995; Kiselev, 1997; Cheng et al.,

.1997 . In the intermediate region where the transport prop-
erties cannot be described either by their background values
or by the generalized isomorphism approach, the transport
properties are investigated using a crossover approach
ŽSengers and Levelt Sengers, 1986; Kiselev and Kulikov, 1994;
Luettmer-Strathmann and Sengers, 1994, 1996; Sakonidou et

.al., 1998 . Mode]mode coupling calculations have been per-
Ž .formed by Giterman and Gorodetskii 1970 and Mistura

Ž .1972, 1975 to investigate the transport properties in the crit-
Ž .ical region see the summary in Anisimov et al., 1995 . From

Eqs. 72, 73 and 74 one obtains

­m
db sy da . 75Ž .ž /­ T P , m

ŽIt is shown Anisimov et al., 1995; Giterman and Gorodetskii,
.1970; Mistura, 1972, 1975 that a and b diverge at the criti-

cal point. Furthermore, those coefficients have the same
Žpower law when approaching the critical point Anisimov et

.al., 1995 . Coefficients a and b are not directly measurable.
To relate those coefficients to some experimentally accessible

™Ž .properties the diffusion coefficients , the diffusion flux J1
has been expressed in terms of the diffusion coefficients as
Ž .Anisimov et al., 1995; Mistura, 1975

™
=T™ ™ UMJ sy rD =x q k , 76Ž .1 11 1 T 1ž /T

where D M is the molecular diffusion coefficient and kU is11 T 1
Žthe thermal diffusion ratio as defined by some authors:

Luettmer-Strathmann and Sengers, 1996; Sakonidou et al.,
. T M U1998 ; D s D k is the thermal diffusion coefficient. a ,1 11 T 1

b , D M, and kU are related by11 T 1

a ­m
MD s , 77Ž .11 ž /r ­ x1 P , T

T ­m
U Mk D s a q b . 78Ž .T1 11 ž /r ­ T P , x1

We emphasize that Eq. 76 cannot be extended to multicom-
ponent nonideal mixtures.

Equations 73 and 77 imply that the diffusion coefficient
D M vanishes at the critical point as jy1. The thermal diffu-11
sion coefficient, DT, however, has a finite value at the critical1

point, since the critical enhancements compensate each other
according to Eq. 78; the coefficient kU s DTrD M thereforeT1 1 11
diverges as j toward the critical point. This has been sup-

Ž .ported by experimental data by Haase et al. 1994 .
Ž .From experimental data, Haase et al. 1994 claim that the

thermal diffusion factor a and the related quantities ap-T
proach infinity in the critical state for binary mixtures. How-
ever, the expression these authors use for the diffusion mass
flux is not appropriate for nonideal systems. At steady state,
by representing the spatial variations of temperature and mol
fraction by DT and D x , respectively, Haase et al., provide1
the following relation, from which they calculate the thermal
diffusion factor using the experimental data

DT
D x s a x 1y x . 79Ž .Ž .1 T 1 1 T

This expression ignores the thermodynamic factor
Ž .­ ln f r­ ln x , which approaches zero when one ap-1 1 T , P
proaches the critical state. Thus, the coefficient a used byT

Ž .Haase et al. 1994 is in reality the thermal diffusion factor
divided by the thermodynamic factor.

In their investigation of the crossover behavior of the
transport properties in the critical region, Luettmer-Strath-

Ž . Ž .mann and Sengers 1996 and Sakonidou et al. 1998 used
Eq. 76 to express the diffusion flux. Equation 76 also can be
written in the following form:

™
­ ln f ­ ln f =T™ ™1 1 UJ sy r a D =x q k . 80Ž .1 12 12 1 T 1ž /­ ln x ­ ln x T1 1P , T P , T

ŽFrom comparison of Eq. 80 and Eq. 35 for the isobaric con-
.dition , one deduces that the appropriate expression for the

Ž . Uthermal diffusion ratio is k s ­ ln f r­ ln x k .T 1 1 1 T , P T 1
Ž .Luettmer-Strathmann and Sengers 1996 and Sakonidou et

Ž .al. 1998 used the mode]mode coupling analysis to calculate
the molecular diffusion and the thermal diffusion coefficient
by fitting the crossover equation of the thermal conductivity
to thermal conductivity data in the vicinity of the critical point.
These authors concluded that D MkU reaches a finite value11 T 1

Žat the critical point Luettmer-Strathmann and Sengers, 1996;
.Sakonidou et al., 1998 . Since D generally has finite value12

at the critical point, the thermal diffusion ratio, k shouldT1
also have a finite value. Luettmer-Strathmann and Sengers
Ž . M1996 conclude that D vanishes at the critical point and11
that kU , on the other hand, diverges at the critical point.T1
This conclusion is in agreement with our simple analysis of
Eq. 71.

Ž .One could summarize then that at the critical point 1 the
Ž .thermal diffusion ratio reaches a finite value, and 2 the mol

fraction gradient reaches infinity with either temperature or
pressure gradient or both; that is, the mol fraction has an
inflexion point when plotted vs. depth.

Concluding Remarks
A general formalism is provided to describe multicompo-

nent molecular, pressure, and the thermal diffusion flux for
nonideal mixtures. The treatment is within the framework of
thermodynamics of irreversible processes. The formalism has
allowed us to evaluate thermal diffusion factors for ternary
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and higher mixtures that have not been attempted in the past
Ž .Firoozabadi et al., 1999 . The general expression also allows
the determination of various diffusion processes at the criti-
cal point. One main conclusion of this study is that molecular
diffusion is finite at the critical point for nonisothermal and
for isothermal, nonisobaric conditions.
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